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Let H, K be self-adjoint operators on a Hilbert space. Kato’s Invariance 
Principle (T. Kato, “Perturbation Theory for Linear Operators,” Springer- 
Verlag, Berlin, 1966) states that under certain conditions W(+(H), 4(K)) = 
s-limt++m ei*(4jK e-it(41w exists and is independent of the monotone function 4 
whenever W(H, K) exists. The purpose of this paper is to present a new proof 
of Kato’s result based upon a study of the variation of W(4(H), 4(K)) with 
respect to 4. It is shown (Theorem 1) that this variation vanishes, and 
(Theorem 2) that the invariance principle holds provided that K-H belongs to 
a large subset of the Hilbert-Schmidt class of compact operators. 
1. INTRODUCTION 
Let H be a self-adjoint operator on a Hilbert space X’. Assume 
that H has only absolutely continuous spectra. Let A be a bounded 
self-adjoint operator on 3? such that the wave operator W(K, H) 
exists, where 
W(K, H) = d-l~ eitKe-itH, K=H+A. (1.1) 
We will abbreviate W(K, H) as IV. This isometric operator provides 
a relation between K and H (cf. [4]); namely, we have 
KW = WH. (1.2) 
This is known as the intertwining property of the wave operator. 
It follows from (1.2) that 
f(K)W = VW) (1.3) 
for any Bore1 measurable function defined on the real line. 
If 4(h) is a strictly monotone, absolutely continuous function, 
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then 4(H) has only absolutely continuous spectra. Kato’s invariance 
principle states that under certain conditions the wave operator 
exists if W(K, H) d oes, and in such a case we have 
w, = W(K, H). 
The purpose of this paper is to present a new proof of this result. 
Our approach will be based on a study of the variation of W, with 
respect to the monotone function I$. 
2. MAIN RESULTS 
We define 
W&) = eitQ(K)e-itdm* 
Then if dC = q5 + q, the variation of W, is given by 
(d/de) W&) = it tP@)[,l(K) - 7)(H)] t+JH), 
(2.1) 
P-2) 
where 4 and 7 are real-valued and r) is assumed to be bounded. 
In what follows we assume that 3’ is the space of functions u 
defined on an open interval I of real numbers with values in a Hilbert 
space 8. The inner product is given by 
(UP 4w = s, (u(x), v(x))g dx (2.3) 
We will assume that H is the operator of multiplication by the scalar 
variable X: 
(Hu)(x) = x24(x) for 24 E B(H), (2.4) 
where 
9(H) = /u : 5,II xu(x)[l” dx < 001. 
Let a(x, y) be a function on I x I whose values are bounded 
linear operators of Hilbert-Schmidt class in 8. We assume that 
the perturbation A is a Hilbert-Schmidt operator with kernel a(x, y): 
(Au)(x) = s, 4~ Y> 4~) dr (2.5) 
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and 
where 11 /la denotes the Hilbert-Schmidt norm of a(x, y) as an operator 
on 8. 
Our estimate for the variation of W, is given in the following 
theorem to be proved in Section 4. 
THEOREM 1. Suppose that 4(h) and v(h) have two continuous 
derivatives and that 
4,‘(h) = $‘@) + q’(4 3 8 > 0 
for all h E I and all E in some closed interval containing 0. Suppose 
further that H and A are self-adjoint operators as described above 
for which the wave operator exists and is complete, i.e., W* W = 
WW* = Id. If a(x, y) satisjies 
and 
ss /I ~GY)II; dx dy ==c M,I I 
IS II a,@> r)ll; dx dy < M, I I 
(2.7) 
(2.8) 
then there is a dense set 9 C Z’ depending only on H such that 
I@, (44 %,(W.F I G C(t) for u,vEB, 
where C(t)-+0 as t--+cO; C(t) depends only on the lower bound 
6 of &‘, not on the particular function #Jo .
Kato’s invariance principle follows from Theorem 1: 
THEOREM 2. Suppose H and A are as above and 4 is twice con- 
tinuously d#erentiable with 4’ > 0. Then W, exists and is independent 
of 4; in particular, 
w, = w. 
Proof of Theorem 2. We may assume that 4’ 3 6 > 0; otherwise 
we can localize the problem [5], as is customary in scattering theory, 
and consider a subinterval of I on which 4’ > 6 > 0. Then we take 
&(A) in Theorem 1 to be 
WV = W) + 4 - W)? E E [O, 11. 
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Then clearly 4. is monotone and &‘(A) is bounded below by min(S, 1). 
Now Theorem 1 yields 
I(% (43 K,WLr I G c(t), EE[O, 11 (2.9) 
for U, ZI in a dense subset of 2 and where C(t) -+ 0 uniformly in E. 
Integration of 
(% VP4 ~&)vLw 
with respect to E from 0 to 1 yields 
where W(t) = eifKe--ilH. 
It now follows from Theorem 1 and (1.1) that 
lim(u, W$(t)v)s = (u, ?I+), . t+m 
Thus WQ(t) has W as a weak limit. Since ~2 is dense, and Wd(t) 
and W are isometric, we conclude that lV6(t) tends to W strongly. 
Therefore 
w, Es s;!p W*(t) = w. Q.E.D. 
3. PRELIMINARY LEMMAS 
In the remainder of this paper we assume that I is a finite interval 
so H is a bounded operator, and that 4, q5’, I$“, 77, q’, 7” are continuous 
on the closure of I. The general case can be reduced to this special 
case by the localization mentioned in the proof of Theorem 2. 
LEMMA 1. Let H and W be as above. Suppose that the operator 
B = HW* - W*H is an integral operator with square integrable 
Kernel b(x, y): 
(HW* - W*f+ = s, b(x, y) U(Y) dy, 
SI II b(x, ~91% dx dy < coo. I I 
(3.1) 
Then if 77 E C”(1) and the support S of II is a compact subset of the 
interval I, we have 
[q(H) W* - W*v(H)]u = s, ‘(x)x-JF) b(x, y) u(y) dy. (3.2) 
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PYOO~. We first prove the lemma for q(x) = xk. An easy induction 
shows that 
k-l 
H”W* - W*Hh = c HjBHk-j-1, B = HW* - W’*H. (3.3) 
j=O 
It follows that 
(H”W* - W*H+ = ;$I s, x%(x, Y) Yk-j-b(Y) u’y 
or equivalently 
(3.4) 
(HkW” - W*Hk)u = s, ‘; Ick b(x, y) u(y) dy. (35) 
Thus Lemma 1 holds for q(x) = xk, and also for any polynomial 
P(x): 
[p(H) W* - W*p(H)]u = s, ‘(‘; 1;‘) b(x, y) u(y) dy. (3.6) 
Let { I)~(x)} be a sequence of polynomials such that 
PA4 - 7(x) as k-tco, 
P,‘(X) - 7’(x) as k-co, 
P;(x) -+ 7”(x) as k-tco 
uniformly for x E S, the support of u. Such a sequence exists because 
S is compact. Observe that 
II! IhdX) - Pk(Y) _ 769 - 7(Y) I X-Y X-Y / WY) U(Y) dY 11; 
< sup P&> -i%(Y) _ 769 - 7(Y) 
Z.Y X-Y X-Y 
1’ j- II 4, r)llt dr 1 II 4r)llf dr 
and consequently 
SIIS [ 
P&> -Pk(Y) _ 7(x) - 7(Y) 
I I X-Y 
x _ y 
< sup $‘dx) - pk(y) - 7(x) - 7(Y) 
+.%I X-Y X-Y 
(1 b(x, y)l\$ dy dx I( u 11% . 
(3.7) 
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It follows from (3.7) that 
lim 
s k+m I 
“(‘) - “(‘) b(X, y) U(y) dy 
X-Y 
= 1 77(x) - 7)(Y) 
4% Y) U(Y) dY- 
I X-Y 
(3.8) 
Lemma 1 is a consequence of (3.6), (3.8), and 
l&p,(H) w* - w*p,(H)]u = [T)(H) w* - w*T#)]u. 
LEMMA 2. Let H, W, and B be as above, and assume that A satisfies 
the hypotheses of Theorem 1. Then b(x, y) has an L2-derivative with 
respect toy that is a Hilbert-Schmidt class operator on 8, and 11 b&x, y)lii 
is integrable on I x I. 
Proof. .Define the operator D by 
Du(x) = -u’(x) for u E C,l(l, P), 
where C,l(I, 9) is the set of continuously differentiable functions 
with compact support in I having values in 9. Then for u E C,l(L, .P), 
thus (2.8) pl im ies that AD has a Hilbert-Schmidt class extension A’. 
The definition of B and the intertwining property (1.2) of the 
wave operator W yield B = W*A; therefore 
BDu = W*ADu = W*A’u for 24 E C,l(l, 9). 
It follows that BD has a Hilbert-Schmidt extension B’ with kernel 
b’(x, y) such that 11 b’(x, y)l$ . is integrable on I x I. For u E C,l(L, 9) 
we have 
BDu(x) = -s, b(x, Y) U’(Y) 4 = s, b’(x, Y) 4~) 4v 
Thus b’(x, y) is the L2-derivative of b(x, y) with respect toy. Q.E.D. 
4. PROOF OF THEOREM 1 
To prove Theorem 1, we must estimate 
(w, (44 W~,W)JP 
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or from (2.2), 
. (w, tte w(K)[rl(k) _ rl(H)] e-%(~)w)j10 . 
We choose w = WU and note that relation (1.3) implies 
w*p+,(K) = eit&&)~* 
and 
w*bm - rlvol = ?W w* - W*77(fo 
It follows from (4.1), (4.2), and (4.3) that we must estimate 
. (II, zte wf)[gq w* _ w*rl(H)] e-itd~)w)s 





The hypothesis (2.7) on A means that A is a Hilbert-Schmidt 
operator. It follows that W*A is also Hilbert-Schmidt. Thus 
B=HW*-W*H=W*(K-H)=W*A 
is an integral operator with kernel b(x, y). The values of b(x, y) 
are Hilbert-Schmidt class operators on B and 11 b(x, y)jli is integrable 
on I x I. 
If we choose u and v to be smooth functions with compact support 




eit[&(-e(~)1 dx) - ‘l(y) (qx) b(x, y) w(y))B dy dx. 
X-Y 
(4.5) I I 
On integration by parts we obtain 
- ss r)(X) - T(Y) eft[dJ-Ju)’ ay [ (x _y) I., (4x), &G Y) U(Y))S+] dr dx. (4.6) I I 




eitxei7’f(x, y) dx dy = 0. 
It can be proved in a similar way that if 4.’ is bounded below by 
6 > 0, independent of E, then forf(x, y) E L1, 
lim 
t=+2-m J 
eftd~(r)eiTd~(Y)f(x, y) dx dy = 0. 
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In particular if T = -t, this generalization shows that the expression 
(4.6) tends to zero as t -+ co if 
is an integrable function of x and y. Since 7 and 4 have two con- 
tinuous derivatives, u and v are smooth functions with compact 
support, and &I(x) >, 6 > 0, this is the case provided that 
and 
(49 4/(x, Y> ~(Y)b (4.9) 
are integrable. The expression (4.8) is integrable because I[ b(x, JJ)# 
is integrable on I x 1. Lemma 2 implies that (4.9) is integrable. 
This completes the proof. 
Remark. If the interval I is bounded, it can be shown that all 
Hilbert-Schmidt operators A satisfying (2.7) and (2.8) are trace 
class [l, p. 1117-1119; 31. Kato has proved the invariance principle 
[4] under the hypothesis that A is in the trace class. Thus, in the 
case of a bounded interval 1, Theorem 2 is a consequence of Kato’s 
result. 
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